
Ist Semester M.Tech Microwave & TV
Engineering And Signal Processing

Tutorial 11: Systems with Stochastic Inputs

1. A linear system is provided with input x(t), output y(t). If the input x(t)
is white noise with Rxx(τ) = qδ(τ), find E[y2(t)] if,

(a) The system is specified with the differential equation

y
′
(t) + cy(t) = x(t) ∀t

(b) The system is specified with the differential equation

y
′′
(t) + 3y

′
(t) + 2y(t) = x(t) ∀t

2. Let the random process X(t) with mean value 128 and covariance function

KXX(τ) = 1000e−10|τ |

be filtered by the low pass filter

H(ω) =
1

1 + jω

to produce the output process Y (t).

(a) Find the mean function µY (t).

(b) Find the covariance KY Y (τ).

3. Consider the continuous-time system with input random process X(t) and
output process Y (t):

Y (t) =
1

4

∫ +2

−2
X(t− s)ds

Assume that the input X(t) is WSS with PSD
SXX(ω) = 2 for −∞ < ω < +∞.

(a) Find the PSD of the output SY Y (ω).

(b) Find RY Y (τ), the correlation coefficient of the output.

4. Let the stationary random process X(t) have zero-mean and autocovariance
function

KXX(τ) =
1

2τ0
exp(−|τ |/τ0)

Let X(t) be the input to the low pass filter with transfer function G(ω) with
output Y (t) with output PSD SY (ω).

G(ω) =

{
1, |ω| ≤ ω0

0, else.
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Alternately, let the system be excited directly with a standard white noise
W (t), with zero mean and CWW (τ) = δ(τ). Call the output V (t) with
output PSD, SV V (ω). Show that for |ω0τ0| � 1, SY Y ' SV V and find an
upper bound on the power error,

|RV V (0)−RY Y (0)|

5. Show that

(a) If X(t) is a random process with zero mean and auto-correlation
f(t1)f(t2)w(t1 − t2), then the process Y(t) = X(t)/f(t) is WSS with
auto-correlation w(τ).

(b) If X(t) is white noise with auto correlation q(t1)δ(t1 − t2), then the

process Z(t) = X(t)/
√
q(t) is WSS white noise with auto-correlation

δ(τ).

(c) If X(t) is a WSS process with auto-correlation RX(τ) and Y(t) =
aX(ct) then show that RY (τ) = a2RX(cτ)

6. Show that if RXX(t1, t2) = q(t1)δ(t1 − t2) and Y(t) = X(t) ∗ h(t) then

E [X(t)Y(t)] = h(0)q(t)

7. The process X(t) is normal with µx = 0 and Rx(τ) = 4e−3|τ |. Find a mem-
oryless system g(x) such that the first order density fY (y) of the resulting
output Y(t) = g[X(t)] is uniform in the interval (6, 9).

8. The process x[n] is WSS with Rxx[m] = 5δ[m] and

y[n]− 0.5y[n− 1] = x[n] (1)

Find E{y2[n]}, Rxy[m1,m2], Ryy[m1,m2]

(a) if (1) holds for all n

(b) if y[−1] = 0 and (1) holds for n ≥ 0

9. If Rx[m1,m2] = q[m1]δ[m1 −m2] and s =
N∑
n=0

anx[n] then show that

E{s2} =
N∑
n=0

a2nq[n]

10. A white Gaussian noise process W (t) with auto correlation function RW (τ) =
η0δ(τ) is passed through the moving average filter,

h(t) =

{
1
T

; 0 ≤ t ≤ T
0; otherwise

(a) For this Y(t), let η0 = 10−15W/Hz and T = 10−3s. For an arbitrary
time t0, find the probability, P [Y(t0) > 4.10−6]

(b) The random sequence Y [n] is obtained by sampling Y (t) at a rate of
fs = 104 samples per second. Find the auto-correlation function RY [n]
of Y [n].
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